



















DEGENERATE EULER ZETA FUNCTION
TAEKYUN KIM
Abstract. Recently, T. Kim considered Euler zeta function which interpo-
lates Euler polynomials at negative integer (see [3]). In this paper, we study
degenerate Euler zeta function which is holomorphic function on complex s-
plane associated with degenerate Euler polynomials at negative integers.
1. Introduction










, (see [1-7]) (1.1)
When x = 0, En = En(0) are called Euler numbers.
For s ∈ C, Kim considered Euler-zeta function which is defined by





, (x 6= 0,−1,−2, · · ·). (1.2)
Thus, he obtained the following equation:
ζE(−n, x) = En(x), (n ∈ N ∪ {0}), (see [3]). (1.3)
L. Carlitz introduced degenerate Euler polynomials which are defined by the













, (see [1]). (1.4)
When x = 0, En(λ) = En(0|λ) are called degenerate Euler numbers.
From (1.4), we note that limλ→0 En(x|λ) = En(x), (n ≥ 0). By (1.4), we easily
get




where (l|λ)m = l(l− λ) · · · (l − λ(m− 1)) and (l|λ)0 = 1.
In this paper, we construct degenerate Euler zeta function which interpolates
degenerate Euler polynomials at negative integers.
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2. Degenerate Euler zeta function



























































From (2.2), we note that
ζE(−n, x) = En(x), (n ∈ N ∪ {0}).
Let

















































































Therefore, by (2.5), we obtain the following theorem.
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(s− (n+ 1))(1− (n+ 1)λ)s−n

































= · · ·
=
s(s− 1)(s− 2) · · · (s− (n+ 1))












Therefore, by (2.9), we obtain the following theorem.





∣∣∣ λ1−(n+2)λ ) =
s(s− 1)(s− 2) · · · (s− (n+ 1))











. Then we have
Γ(n+ 3|λ) =
(n+ 2)!








































































Thus, by (2.10) and (2.11), we get
Γ(n+ 3|λ) =
(n+ 2)!
(1− λ)(1 − 2λ) · · · (1− (n+ 2)λ)(1− (n+ 3)λ)
. (2.12)
Therefore, by (2.12), we obtain the following theorem.








(1− λ)(1 − 2λ) · · · (1− nλ)
.







F (−t, x| − λ)ts−1dt, (2.13)
where λ ∈ (0, 1) and s ∈ C with R(s) > 0.



































































where x 6= 0,−1,−2, · · ·.
Therefore, by (2.13) and (2.14), we obtain the following theorem.
Theorem 2.4. For s ∈ C with R(s) > 0, we have
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where x 6= 0,−1,−2, · · ·.





. Then, we have














































Therefore, by (2.15) and (2.16), we obtain the following theorem.
































































































(λ+ 1)(2λ+ 1) · · · ((n− 1)λ+ 1)(−1)n.
(2.19)
From (2.18) and (2.19), we have
ζE(−n, x|λ) =
En(x| − λ)
(λ+ 1)(2λ+ 1) · · · ((n− 1)λ+ 1)
. (2.20)
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Therefore, by (2.20), we obtain the following theorem.
Theorem 2.6. For n ∈ N ∪ {0}, we have
ζE(−n, x|λ) = En(x| − λ).




ζE(−n, x|λ) = En(x) = ζE(−n, x).
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